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Fig. 3 Modi� ed structure with 33 nodes and 90 members.

condensation.7 That is because Guyan’s static condensation does
not contain the effects of mass from added members in the modi-
� ed structure, whereas these effects are considered in the proposed
method.From Eqs. (10) and (16–18), it canbe seen that littlecompu-
tational effort is added in the proposed method. From the results, it
can be also seen that the proposedmethod can also give high-quality
accuracy for the large topological modi� cations.

Conclusions
A hybridmethod is presentedfor theef� cientcalculationof eigen-

pairs of topologicalmodi� cations in dynamic problems.The effects
of mass from the addedmember are consideredin this method.From
Eqs. (10) and (16–18), it can be seen that the little computational
effort is added in the proposed method. The results show that the
proposedmethod is ef� cient for eigenproblemsof topologicalmod-
i� cations.For large topologicalmodi� cations,the presentedmethod
can also give high accuracy.
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Introduction

B ECAUSE of the well-known advantagesof adaptive structures
over traditional structures, signi� cant research is being con-

ducted on these structures at present (for example, Ref. 1). One
key requirement toward the success of adaptive structures would
be in choosing the optimal location of actuators. A large num-
ber of publications2¡5 have addressed this problem. In our previ-
ous paper5 various methods addressing this issue were mentioned.
Among various approaches being used, genetic algorithms (GA)
were found to be popular. Some advantages and disadvantages of
GAs were presented in our previous paper.5 In previous studies the
present authors successfully applied two versions of GAs (termed
GA version1 and GA version 2). Both of the versions were adapted
from Carroll’s FORTRAN Genetic Algorithm Driver, to solve two
kinds of dif� cult, computationally intensive, combinatorial, and
continuouslarge-scaleoptimizationproblems[codeavailableonline
at http://www.aic.nrl.navy.mil:80/galist/src/#fortran (cited 3 May
2002)]. These problems include � nding both an optimal placement
and optimal voltages of 30 piezoelectric actuators, from 193 can-
didate locations, with more than 1:28 £ 1035 possible solutions to
obtain the best correctionto the surface thermal distortionsof a thin
hexagonal spherical primary mirror (Fig. 1a in Ref. 5) of an as-
tronomical telescope. The thermal distortions were caused by four
different types of spatial temperature distributions. The two types
of optimizationproblems were as follows: 1) to � nd the optimal lo-
cations and optimal voltages suitable for each type of thermal loads
individually and 2) to determine just one set of actuator locations
that would reduce the distortion caused by all four types of thermal
loads. The latter problem is a more challenging,multicriterionopti-
mization problem. A laminated triangular shell element6 was used
to model the mirror. The main conclusions from our previous stud-
ies are as follows: 1) the design search space is highly multimodal;
2) both GA version 1 and GA version 2 are effective for the op-
timization of piezoelectric actuator locations; 3) GA version 2 has
more � exibilitythan GA version1; 4) GA version2 can getmodestly
better results than DeLorenzoalgorithmfor both optimizationprob-
lems for the case of 30 piezoelectric actuators; 5) the convergence
to a solution can occur without reaching an optimal or near-optimal
solution;6) more than one suboptimal solution to each problem was
found; 7) optimal location obtained for one type of thermal loads
may perform poorly for other types of thermal loads; and 8) GAs
can determine one set of actuator locations, which is good for all
four of the types of thermal loads considered for these studies. The
needed voltages will be different for different thermal loads.

In the present Note an improved GA, termed GA version 3 and
adapted from the GA version 2, is employed to resolve the two
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problems studied in Ref. 5 and even larger problems. Two key dif-
ferences between the GA version 3 and the earlier GA version 2
are 1) the application of random-mutation hill climbing to elitists
and 2) the application of mutation to microgenetic algorithms. The
results of using same parameter settingsof the GA version3 to even
larger problems, that is, choosinga set of 121 piezoelectricactuator
locations from 193 candidate locations with more than 1:38 £ 1054

possible solutions, are also reported.

Genetic Algorithms
GAs,7¡13 inspired by natural evolution, have drawn considerable

attention during the past two decades as a result of their ability to
solve large complex optimization problems that might be dif� cult
to solveusingconventionalgradient-basedoptimizationtechniques.
GAs are robust stochasticglobal search techniquesbasedon the me-
chanics of natural selection and genetics. These algorithms evolve
a population of chromosomes using selection and genetic opera-
tions such as crossover,mutation, and so on from one generation to
another, hopefully to get a better solution. The selection operation
is based on the Darwinian principle of the survival of the � ttest.
Genetic algorithms use only one very general assumption: namely,
better individualscan reproducebetteroffspringmore probablythan
the worst individuals. The concept’s simplicity, � exibility, and ro-
bust performance makes GAs one of the most exciting � elds in
evolutionary computation.

In the � eld of shape, acoustic and vibration,buckling, and aeroe-
lastic control of smart structures, the effectiveness of the control
system strongly depends on the actuator locations. In this Note the
improved GA (termed version 3), developed by the present authors
from an earlier GA, the GA version 2, is employed to solve an
important problem in the design of smart structures, namely, the
selection of actuator locations. Two key differences between GA
version 3 and GA version 2 are as follows: 1) the application of
random-mutation hill climbing to elitists and 2) the application of
mutation to micro-genetic algorithms.

First, random-mutation hill climbing was applied to elitists, the
best individuals.This came fromourinitial intuitionthat, ifwe donot
know which individual can reproduce a better offspring, choosing
the best one generally gets the highest probability. (We need to
recall from Ref. 7, p. 201, “in their purest form, genetic algorithms
are blind search procedures,”but in practical form GAs are directed
search techniquesand not completelyblind.) Random-mutationhill
climbing outperformed the steepest-ascent hill climbing and next-
ascent hill climbing (Ref. 9, p. 129).

Second, mutation was applied to microgenetic algorithms. The
microgeneticalgorithmshere are the same as the genetic algorithms
in the commonlyused senseexcept that they includerestart function
in the outer loop and usually use a small population size in order
to get the effect of faster convergencerate than the large population
size usually used in genetic algorithms. In the literature, the mu-
tation rate was set at 0.0 in most cases whenever the microgenetic
algorithms were used. This is probably because of the traditional
negative view of mutation, namely that the use of mutation slows
convergence. Recent advances in genetic algorithms show that the
mutation operation also has some positive effects: speeding con-
vergence as well as providing the diversity of population, thereby
avoiding a premature convergence to a local optimum.

Problem De� nition
In the design of the next generation of astronomical telescopes,

one of the most stringent requirements will be the maintenance
of high surface accuracy of the primary mirror during their oper-
ation. A promising method is to use a certain number of piezo-
electric actuators bonded onto the rear surface of the primary mir-
ror to correct its distortions without imposing a signi� cant weight
penalty. The problem is how to � nd the optimal location of piezo-
electric actuators to maximize their effectiveness.Our problemis as
follows:

With n, the number of piezoelectric actuators available, deter-
mine from a total of 193 candidate locations an optimal placement
and corresponding optimal voltage for each actuator to obtain the
best correctionto the surface thermaldistortionsof a thin hexagonal

sphericalprimarymirror subjected to four different typesof thermal
loads (Fig. 1a in Ref. 5). There are two kinds of optimization prob-
lems: one is to � nd a set of locations and corresponding voltages
that get the best correction to the surface thermal distortions under
each of the four types of thermal loads; the other is to � nd one set of
locations and correspondingvoltages that provide the best possible
correctionto the surface thermaldistortionscausedby all of the four
types of thermal loads. For the second problem, although the actu-
ator locations are the same for all the four thermal distortions, the
correspondingvoltages might not be. The second problem is a mul-
ticriterion problem and obviously is a more challenging problem.
The total number of different candidate sets are

193Cn D
³

193
n

´
D 193!

n!.193 ¡ n/!

The geometry and material properties of the mirror and piezo-
electric actuators are given in Table 4 in Ref. 3. The four types of
temperaturedistributionsat the lower surface of the mirror are given
in Table 5 of Ref. 3.

Finite Element Modeling
A laminated triangularshell element6 is used to model the mirror.

The element is a combinationof the discrete Kirchhoff theory plate
bending element and a membrane element derived from the linear
strain triangularelementwith a total of 18 degreesof freedom(three
translations and three rotations per node). The piezoelectric strips
are assumed to be perfectly bonded on the lower surface of the
mirror and are modeled as a separate layer.The � nite elementmodel
consistsof 864 � at shell elements,469 grid points (Fig. 1b in Ref. 5).
The mirror segment is assumed to be simply-supported at the six
vertices 1, 13, 223, 247, 457, and 469.

Control Algorithms
The surface thermaldistortionsor the transversedisplacementsw

of the mirror segment are corrected by applying the voltage across
the thickness of the strip, which induces a distributed strain in the
strip and hence in the mirror. In this study the thermal deformation
w caused by any one type of thermal loads is computed by the
� nite element analysis. The � nite element formulation suggested
in Ref. 6 is capable of analyzing panels under thermal loads. The
corresponding formulations for the correction u i and rms error E
are available in Ref. 5.

For each set of locations,we can get the optimal voltages to mini-
mize rms error. Different settingsof actuator locationhave different
optimal voltages and corresponding minimum rms error. Thus, the
� rst optimization problem is to � nd a set of locations and corre-
sponding voltages that minimizes the minimum rms error for one
type of distortion that is of the form

E D Min
L

Min
V

E.T; L ; V /

The second optimization problem is to � nd a set of locations and
correspondingvoltagesthatminimize themaximumof theminimum
rms error for all of the four different distortions that are of the form

E D Min
L

Max
T

Min
V

E .T ; L ; V /

Obviously, the second problemis a more realistic, but computation-
ally challenging, problem.

Results and Discussion
In this section the results obtained by using the GA version 3

developed by the present authors from the GA version 25 to solve
the preceding two kinds of optimization problems are presented.
The following parameters were used.

Version 1: population size 5, crossover rate D 0.5, mutation
rateD 0.0, restart control parameter diffracD 0.06.

Version 2: run1– initial population size 10, population size 5,
scaleD 0.5, randomD 0, crossover rateD 0.5, mutation rate D 0.0,
restart control parameter diffracD 0.06.

Version 2: run2– initial population size 10, population size 5,
scaleD 0.5, randomD 0, crossover rateD 0.5, mutation rate D 0.0,
restart control parameter diffracD 0.0.
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Fig. 1 Performance of the GAs: maximum of the four minimum rms
errors vs the numberof evaluationsfor the second optimizationproblem
(30 actuators).

Version 3: run1– initial population size 10, population size 5,
scaleD 0.5, randomD 0, crossover rate D 0.5, mutation rateD 0.01,
No of max generation inner loop D 15, No of best mutation bits
D 2.

Version 3: run2– initial population size 10, population size 5,
scaleD 0.5, randomD 0, crossover rate D 0.5, mutation rateD 0.01,
No of max generation inner loop D 10, No of best mutation bits
D 2.

Note the following: The new parameter “No of best mutation
bits,” which represents mutation bits for elitists in each generation,
was introducedin version3. The parameter “scale” is used to adjust
the selective pressure. The parameter “random” is used to control
whether the initial populationsize and populationsize are randomly
generatedor not. When the parameter “random” equals 0, the initial
population size and population size equal the preset values respec-
tively; otherwise, they equal the numbers generated randomly. The
parameter “diffrac” is used to check the convergence of popula-
tion. When this value becomes less than the preset value, the new
population are randomly generated.

In this study the number of evaluations using genetic algorithms
is limited to 15,000. For 30 piezoelectric actuators Fig. 1 shows the
performance of the GAs with respect to the number of evaluations
for the secondoptimizationproblem.The optimal actuator locations
obtained by the two runs of the GA version 3 for the two kinds of
optimization problems are presented in Figs. 2 and 3, respectively.
Figure 2 presents the results for the � rst kind of optimization prob-
lems for each of the four types of thermal loads; Fig. 3 presents the
results for the secondkind of optimizationproblemfor all four types
of thermal loads. The number in each corner in Figs. 2 and 3 repre-
sents the rms error correspondingto that type of thermal distortion.
The set of actuator locations, shown in the top-left corner of Fig. 2,
was obtained to minimize the error caused by thermal load T1. The
rms error under thermal load T1 becomes 0.191; the error under T2,
T3, and T4 becomes 0.245, 0.332, and 0.326, respectively.Hence it
is seen that this set of actuator locations,althoughbest for T1, might
perform poorly when used for other types of thermal loads.

Regarding the performance of GAs (Fig. 1), GA version 3 not
only approached near-optimal solution very fast but also found the
best solution. For example, when used for the second kind of opti-
mization problem, the multicriterionoptimizationproblem (Fig. 1),
GA version 3 run1 approached a near-optimal solution, with a
distortion rms error value of 0.251, in fewer than 2000 evaluations
and GA version 3 run2 obtained the same rms error in fewer than
5000 evaluations. Moreover, the latter obtained the best solution,
with a distortion rms error value of 0.230 at the end of 15,000
evaluations, but GA version 2 run2 did not reach a near-optimal
solution,with a distortionrms error of 0.251 until more than 13,000
evaluations.The GA version 2 run1 and GA version 1 did not even
reach any near-optimalsolutionwith the level of distortionrms error
of 0.251, at the end of stipulated 15,000 evaluations. The research
shows that the GA version 3 is more effective than the preceding
two versions in solving optimization problem of determining actu-
ator locations for thermal distortion control.

a) b)

Fig. 2 Optimal location obtained by a) GA version 3, run1, and b) GA
version 3, run2 (30 actuators) for the � rst optimizationproblem for each
of the four thermal loads.

a) b)

Fig. 3 Optimal location for the second optimization problem obtained
by a) GA version 3, run1, and b) GA version 3, run2 (30 actuators).

Figures 4–7 present the results for the two kinds of optimization
problems for the case of 121 piezoelectric actuators. This case was
not presented in Ref. 5. The performance of GA version 3 for the
second kind of optimizationproblems is shown in Fig. 4. We can see
from these � gures that the GA version 3 still reaches near-optimal
solutions very fast even though the search space of 1:38 £ 1054 dif-
ferent sets of actuator locations for this case is much larger than
that for the case of 30 piezoelectric actuators. Figure 5 presents the
actuator location for the � rst kind of optimizationproblem and cor-
responding rms errors obtained using the DeLorenzo’s algorithm.
Figures6 and 7 present the actuator locationfor the two kindsof op-
timization problems and corresponding rms errors obtained by the
two runs of the GA version 3. For the case of 121 actuators,we can
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Fig. 4 Performance of the GAs: maximum of the four minimum rms
errors vs the numberof evaluationsfor the second optimizationproblem
(121 actuators).

Fig. 5 Optimal location obtained by the DeLorenzo’s algorithm (121
actuators) for the � rst optimizationproblem for each of the four thermal
loads.

see in Figs. 5 and 6 that the rms errors for the � rst kind of optimiza-
tion problems for each of the four different types of thermal loads
obtained by the two runs of GA version 3 are basically the same as
those obtained by the DeLorenzo’s algorithm, but different sets of
actuator locations are found. The performance of a set of actuator
locations determined to be best for a given type of thermal loads
does not deteriorate as much for other loads as it did in the case of
30 actuators.This implies that if one can employ a larger number of
actuators the performance will be better for a large variation in the
thermal loads. A large number of actuatorswill thus provide a more
robust set of locations.Moreover, the magnitudeof the rms error re-
duces as one employs a larger number of actuators. We can see that
the rms error in the worst case T4 for the set of actuator locations
in Fig. 7a for the second kind of optimization problem is as good
as that in the best case T4 in Fig. 5 or 6 for the � rst kind of opti-
mization problem. This demonstrates that the search space is highly
multimodal and that the GA version 3 is very powerful to search
the solution as good as possible for the multicriterion optimization
problem.

The optimal voltages14 corresponding to the optimization loca-
tion for each type of thermal loadsmight be still too high to generate
in space. Some promising methods can be used to lower the con-
trol voltages.For example,one can select the piezoelectricmaterials
with higherstrain constantas actuatorsor optimizethe actuatorloca-
tion and correspondingvoltages by applying constraints to electric
voltages such as given the maximum voltages that can be provided.

a) b)

Fig. 6 Optimal location obtained by a) GA version 3, run1, and b) GA
version 3, run2 (121 actuators) for the � rst optimization problems for
each of four thermal loads.

a) b)

Fig. 7 Optimal location for the second optimization problem obtained
by a) GA version 3, run1, and b) GA version 3, run2 (121 actuators).

The latter is another different large and computationally intensive
optimization problem.

Conclusions
In this study an improved version of GAs (version 3) developed

from the GA version 2 by applying random-mutationhill climbing
to elitists and applying mutation to microgenetic algorithms was
used to solve two kinds of combinatorialand continuouslarge-scale
optimization problems for two cases: selecting 30 and 121 actua-
tor locations from 193 candidate locations in the design of a thin
hexagonalsphericalprimarymirror to be used in the next generation
of astronomical telescopes.One type of optimization problem is to
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� nd a set of locations and the corresponding voltages that give us
the best correction to the surface thermal distortions of the primary
mirror under a given type of thermal loads; the other is to � nd one
set of locations and corresponding voltages that provide the best
correction to the surface thermal distortions caused by all of the
four different kinds of thermal loads. The two types of problems
are dif� cult and computationally intensive. The second type is a
more challenging,multicriterionoptimization problem. The search
space for these problems is highly multimodal, and conventional
point-by-point optimization techniques usually get stuck at the lo-
cal optimum, but population-basedGAs are very good at searching
such space and more likely get better results than the traditional
techniques. The search space of 1:38 £ 1054 different sets of ac-
tuator locations for the case of 121 piezoelectric actuators is much
larger than that for the case of 30 piezoelectricactuators,but the GA
version 3 still convergedvery fast and � nally found a very good set
of actuator locations that can be used to reduce all of the four kinds
of thermal distortions. The results show that the two modi� cations
employed in this study signi� cantly improve the performance of
GAs. The current version of GAs are more effective than the pre-
ceding versions in solving optimization problems of determining
actuator locations for thermal distortion control.

The problems for this study are computationally intensive. Get-
ting one solution using the GAs with the limit of 15,000 evalua-
tions for the second optimization problem took more than a week.
GAs are very general and robust optimization methods that can be
applied to virtually any optimization problem. Parallel GAs can
signi� cantly reduce the time and be more natural to imitate the
evolution of the nature, and so our current research is to develop
parallel GAs.
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Introduction

E LASTIC systems subjected to concentrated and distributed
types of nonconservative follower forces are always encoun-

tered in engineeringpractices,suchas in stabilityanalysisof rockets,
missiles,slenderspacestructures,pipes conveying� uid, automobile
disk, and drum brakes. A literature review indicates that the non-
conservative stability of nonuniform structures was usually solved
by the Galerkin method,1 the � nite difference method,2 the � nite
element method (FEM),3 and the transfer matrix method.4 It is dif-
� cult to � nd the exact analytical solutions for stability of tapered
structures with arbitrary boundary conditions. In this Note a suc-
cessful attempt is made to present an ef� cient analytical method
for the nonconservative stability of tapered columns. The closed-
form solutions for the stability of two types of nonuniformcolumns
subjected to an end concentrated and variably distributed follower
forces are derived for the � rst time. The advantage of the proposed
method is that the resulting characteristicequation for stability of a
nonuniformcolumn with any kind of two-end supportcon� guration
can be conveniently determined from a second-order determinant.
As a consequence, the decrease in the determinant order, as com-
pared with previously developed procedures, leads to signi� cant
savings in the computationaleffort.

Theory
A column with variable cross section under the combined action

of an end concentrated follower force and variably distributed fol-
lower forces along the column is shown in Fig. 1. Considering the
element shown in Fig. 2 and according to the d’Alembert principle,
all of the forces acting on the element should satisfy the equilibrium
conditions. From

P
Fx D 0,

P
Fy D 0, and using the method of

separation of variables, one obtains

d2

dx2

µ
K .x/

d2 X .x/

dx2

¶
C N .x/

d2 X .x/

dx2
¡ Nm.x/!2 X .x/ D 0 (1)

where X .x/ is the mode shape function, ! is the circular natural
frequency, Nm.x/ is the mass per unit length of the column, K .x/ is
the � exural stiffness, and N .x/ is the axial force.

Obviously, the solution of Eq. (1) is dependent on the expres-
sion of K .x/, N .x/, and Nm.x/. As suggested by Li et al.5;6 and
Li,7 the functions for describing the variations of K .x/, N .x/, and
Nm.x/, for many cases of structural members are power functions
and exponential functions,which are considered in this Note.
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